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ON THE KRULL DIMENSION OF THE DEFORMATION RING
OF CURVES WITH AUTOMORPHISMS
A. KONTOGEORGIS
Abstract. We reduce the study of the Krull dimension d of the deformation
ring of the functor of deformations of curves with automorphisms to the study
of the tangent space of the deformation functor of a class of matrix represen-
tations of the p-part of the decomposition groups at wild ramified points, and
we give a method in order to compute d.
1. Introduction
Let X be a non-singular projective curve defined over the field k, and let G be
a fixed subgroup of the automorphism group of X . We will denote by (X,G) the
couple of the curve X together with the group G.
A deformation of the couple (X,G) over a local ring A is a proper, smooth family
of curves
X → Spec(A)
parametrized by the base scheme Spec(A), together with a group homomorphism
G→ AutA(X ) such that there is a G-equivariant isomorphism φ from the fibre over
the closed point of A to the original curve X :
φ : X ⊗Spec(A) Spec(k)→ X.
Two deformations X1,X2 are considered to be equivalent if there is a G-equivariant
isomorphism ψ, making the following diagram commutative:
X1 ψ //
##F
FF
FF
FF
F
X2
{{xx
xx
xx
xx
SpecA
Let C denote the category of local Artin algebras over k. The global deformation
functor is defined:
Dgl : C → Sets,A 7→

Equivalence classes
of deformations of
couples (X,G) over A

The deformation functor Dgl of non singular curves together with a subgroup
of the automorphism group, admits a pro-representable hull R as J. Bertin and A.
Me´zard [3] proved using Schlessinger’s [25] approach.
The Krull dimension of the hull is in general smaller than the dimension of
the tangent space of the deformation functor; there are obstructions preventing
infinitesimal deformations to be lifted.
Date: September 14, 2018.
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The study of obstructions, and therefore the study of the ring structure of the
hull, is a difficult question but it has been done for ordinary curves by G.Cornelissen
and F. Kato [6].
J. Bertin and A. Me´zard proved a local-global principle [3, th. 3.3.4,cor. 3.3.5],
that reduces the problem of computing the Krull dimension, to the computation
of the dimension of a local deformation functor attached to each wild ramified
point. The main difficulty for the study of obstructions, is that the obstructions to
such liftings are reduced to obstructions of lifting representations from the groups
Autk[[t]] to AutA[[t]], where A is a local Artin algebra with maximal ideal m, such
that A/m = k. The automorphism group of the ring of formal powerseries is a
difficult object to study. In this paper we try to reduce the problem of these liftings
to a similar lifting problem involving general linear groups.
In order to make the presentation and the calculations simpler, we will restrict
ourselves to subgroups of the automorphism group that have order a power of p.
Equivalently, for all decomposition groups at various points P of the curve, we
assume G0(P ) = G1(P ), where Gi(P ) denotes the ramification filtration of the
decomposition group at a ramified point.
We will give criteria depending on the Weierstrass semigroup structure on the
wild ramified points, (Prop. 3.14, Cor. 3.16) that allow us to connect liftings of
representations to AutA[[t]] with liftings of representations of general linear groups
and the deformation theory of such representations is better understood. If these
conditions do not hold, then we can restrict ourselves to a subfunctor D ⊂ D by
posing the desired conditions as deformation conditions in the sense of B. Mazur
[21, p.289]. Then the new subfunctor also has a hull RD and dimkRD ≤ dimk R.
We have to mention that our approach does not give us the ring structure of the
hull, but provides us with a method to compute its Krull dimension.
The Krull dimension has been considered, by different methods, by R. Pries [23],
but only for deformations that do not split the branch locus. The conditions we
put are more general than the ones of Pries and can be applied to a wider class of
deformations.
We begin our study by showing that there is a faithful representation
ρ : G1(P )→ GLn(k),
of the p-part of the decomposition group at a wild ramified point to a suitable
general linear group, and we show how to relate the filtration of the ramification
group to the radical decomposition of the algebra of lower triangular matrices.
This allows us to describe the structure of G1(P ) for some interesting examples.
In particular we are able to prove that the representation in the case of ordinary
curves is three dimensional.
Next we give conditions so that deformations over a local domain A, respect the
flag of the Weierstrass subspaces and give rise to lifting of ρ to a representation
ρ˜ : G1(P )→ GLn(A),
that reduces to ρ modulo m.
In order to perform such a construction we need deformations over local domains
that can be extended to the generic fibre. Unobstructed deformations give rise to
families over formal schemes that do not possess a generic fibre. We employ Artin’s
algebraisation theorem in order to show that an extension of the family to the
generic fibre is always possible. As a result, we can use (prop. 3.4) an algebraic
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equivalence argument in order to compare Artin’s representations at wild ramified
points in both the generic and the special fibre, obtaining a generalisation of a
theorem of Bertin.
We introduce a deformation functor F (·) for deformations of matrix represen-
tations and we are able to relate these two deformation functors in proposition
4.8.
The deformation ring RD corresponding to the subfunctor D may have nilpotents
[6, 4.4.1] and in general might not be irreducible. Factoring out the radical of
RD, we obtain a finitely generated k-algebra without nilpotens that corresponds
to finite union of irreducible sets. In proposition 4.12 and corollary 4.13 we prove
that all these algebraic sets have equal dimension, and this dimension is equal to
the dimension of the tangent deformation functor F (k[ǫ]). Moreover, we prove that
infinitesimal deformations in F (k[ǫ]) are unobstructed and this fact allows us to
compute the desired Krull dimension.
Many authors have tried to study the “simplest possible” wild ramification.
From the point of view of ramification filtrations the simplest wild ramification is
the “moderate” wild ramification, i.e., when for all wild ramified points P we have
Gi(P ) = {1} for all i ≥ 2. For instance ordinary curves have this property.
From the representation point of view the simplest possible wild ramification
at a point P is when the faithfull representation attached to this point is two
dimensional. We can prove that this is the case for all curves of genus g so that
p > 2g − 2. One of the new results of this article is the following:
Theorem 1.1. If the faithfull representation attached to a wild ramification point
is two dimensional, then the hull of the local deformation functor at this point is
the ring of formal power series k[[x1, . . . , xs]], where s = logp |G1(P )|.
We also try to illustrate our method by giving examples and by comparing our
method with computation done by other authors. Namely we apply our method
to the case of deformations of ordinary curves and as a final application, we show
how the tools we have developed can be used in order to study deformations of the
curves yp − y =∑s−1i=1 xpi+1 + xps+1.
Acknowledgments The author would like to thank the participants of the
conference in Leiden on Automorphisms of Curves for enlightening conversations
and especially R. Pries and M. Matignon for their corrections and remarks.
2. Representations
Let C be a nonsingular complete curve defined over an algebraically closed field
of characteristic p ≥ 0. Let G be a subgroup of the automorphism group of C,
and let P be a wildly ramified point of C. We denote by G0(P ) the decomposition
subgroup of G, and by G1(P ) the p-part of G0(P ). The p-part of the decomposition
group can be analysed in terms of the sequence of the i-th ramification groups [26,
chap. IV]:
(1) G1(P ) ≥ G2(P ) ≥ · · · ≥ Gn(P ) > {1}.
For every point P of the curve C of genus g we consider the sequence of k-vector
spaces
(2) k = L(0) = L(P ) = · · · = L((i− 1)P ) < L(iP ) ≤ · · · ≤ L((2g − 1)P ),
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where
L(iP ) := {f ∈ k(C) : div(f) + iP ≥ 0} = H0(X,L(iP )).
It is known that there are exactly g pole numbers that are smaller or equal to 2g−1.
If g ≥ 2 then there is at least one of them not divisible by the characteristic.
Lemma 2.1. Let m ≤ 2g − 1 be the smallest pole number not divisible by the
characteristic. There is a faithful representation
(3) ρ : G1(P )→ GL
(
L(mP )
)
Proof. It is clear that the space L(mP ) is preserved by any automorphism in
G(P ) = G1(P ). Let f be a function with pole at P of order m. We can write
f as f = u 1tm , where u is a unit in the local ring OP . Since (m, p) = 1, Hensel’s
lemma implies that u is an m-th power so the local uniformizer can be selected so
that f = 1tm . Let σ ∈ G1(P ) such that σ(1/tm) = 1/tm. Then σ(t) = ζt where ζ is
an m-th root of unity. Therefore, if σ induces the trivial matrix in AutL(mP ) and
σ is of order p, then ζ = 1 since (p,m) = 1. 
The above lemma makes the p-part of the decomposition group G(P ) realizable
as a finite algebraic subgroup of the linear group GLn(k). Moreover the flag of
vector spaces L(iP ) for i ≤ m is preserved, so the representation matrices are
upper triangular.
We assume that m = m0 > m1 > · · · > mr = 0, are the pole numbers less than
m. Therefore, a basis for the vector space L(mP ) is given by
{1, ui 1
tmi
,
1
tm
: where 1 < i < r, p | mi and ui are units}
According to this basis, an element σ ∈ G1(P ) acts on L(mP ) by
σ
1
tm
=
1
tm
+
r∑
i=1
ci(σ)ui
1
tmi
,
and equivalently it maps the local uniformizer t to
σ(t) =
ζt
(1 +
∑r
i=1 ci(σ)uit
m−mi)
1/m
,
where ζ is an m-th root of one.
The above expression can be written in terms of a formal power series as:
(4) σ(t) = ζt
(
1 +
∑
ν≥1
aν(σ)t
ν
)
.
On the other hand the composition of the formal powerseries
f = t
∑
i≥0
ait
i and g = t
∑
j≥0
bjt
j
is written as ta0b0 + · · · , so the automorphism σ|G1(P )| = 1 as it is given in (4) is
tζp
l
+ · · · = t and since m is prime to p, ζ = 1 and (4) can be written as
(5) σ(t) = t
(
1 +
∑
ν≥1
aν(σ)t
ν
)
.
The above computation allows us to compute the “gaps” in the filtration of the
group G1(P ).
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Proposition 2.2. Let P be a point on the curve C and let
ρ : G1(P )→ GLdim(L(mP ))(k)
be the corresponding faithful representation we considered on lemma 2.1. Let m =
m0 > m1 > · · · > mr = 0 be the pole numbers at P that are smaller than m. For
the filtration of G1(P ) we have
if Gi(P ) > Gi+1(P ) then i+ 1 = m−mk + 1,
for some pole number mk.
Proof. By definition σ ∈ Gi(P ) [26, prop. 1 p.62] if and only if σ(t)− t ∈ ti+1k[[t]].
Notice that there is at least one ci(σ) 6= 0, because if all ci(σ) = 0 for i = 1, ..., r
then σ(1/tm) = 1/tm and σ is the identity. The valuation of the expression σ(t)− t
can be explicitly computed:
σ(t) − t = − 1
m
r∑
i=1
ci(σ)uit
m−mi+1 + · · · ,
therefore
vt
(
σ(t)− t) = m−mk + 1
where k = min{i : ci(σ) 6= 0}. The possible valuations are given by:
m−m1 + 1 if c1(σ) 6= 0
m−m2 + 1 if c2(σ) 6= 0, ci(σ) = 0 for i < 2
...
...
m−mr + 1 if cr(σ) 6= 0, ci(σ) = 0 for i < r
Assume that σ ∈ Gi(P ) but σ 6∈ Gi+1(P ), thus v(σ(t) − t) = i+ 1 and this equals
some m−mk + 1. 
Corollary 2.3. Every jump i in the ramification filtration, i.e., Gi > Gi+1 is not
divisible by p.
Proof. By lemma 2.2 every gap in the ramification filtration is given as m −mk,
where m is not divisible by p and mk are divisible by p [26, IV. prop. 11]. 
Examples:
1. The Fermat curves xn + yn + 1 = 0, where n− 1 = ph. The automorphisms of
these curves where studied by H. W. Leopoldt in [18], even if n− 1 is not a power
of the characteristic. Leopoldt constructed a basis for the space of holomorphic
differentials of the curve and he was able to prove that for the points of the form
P : (x, y) = (ζ2n, 0) where ζ2n is a 2n-root of one, we have the following sequence
of k-vector spaces [18, Satz 4]:
k = L(0P ) = L(P ) = · · · = L((n− 2)P ) < L((n− 1)P ) < L(nP ) ≤ · · ·
The interesting case for us (Hermitian Function Fields) appears when n − 1 is a
power of the characteristic, so in this case the representation of the decomposition
subgroup is of the form:
ρ : G0(P )→ GL
(L(nP ))
with
σ 7→
 1 0 0α χ 0
γ β ψ
 .
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According to proposition 2.2 the filtration of the decomposition subgroup is given
by:
G0(P ) > G1(P ) > G2(P ) = · · · = Gn(P ) > Gn+1(P ) = {1},
i.e., the gaps of the filtration are in 0, 1, n.
2. The curves xn + xm + 1 = 0, where m | n and m− 1 = ph The automorphism
group of a nonsingular model of the above curve is studied by the author, in [15].
It is proved that for the points P : (x, y) = (ζ2n, 0) we have the following sequence
of vector spaces [15, eq. (4)]
k = L(0P ) = L(P ) = · · · = L((m− 1)P ) < L(mP ) = L((m+ 1)P ) ≤ · · ·
Since m is not divisible by p we have the following representation
G0(P )→ GL
(
L(mP )
)
,
sending
σ 7→
(
1 0
α χ
)
.
Thus G0(P ) is the semidirect product of an elementary abelian group by a cyclic
group of order prime to the characteristic. For the ramification filtration of G0(P )
we have
G0(P ) > G1(P ) > G2(P ) = · · · = Gm(P ) > {1}.
3. Ordinary Curves. A curve is called ordinary if the p-rank of the Jacobian is equal
to the genus of the curve. It is known that ordinary curves form a Zariski-dense
set in the moduli space of curves of genus g. For ordinary curves we have that
G2(P ) = {1} [22], thus we have the following picture for the faithful representation
ρ of the group G1(P ): There is a gap at G1(P ) > G2(P ) = {1}, thus mi = m− 1
for some i, and this i = 1. In other words the pole numbers that are smaller or
equal to m are {m,m− 1}. This implies that if the genus g of X is g ≥ 1 then the
representation has dimension 3, because otherwise,i.e., if the representation is two
dimensional, we have the following sequence
k = L(0P ) = L(P ) = · · ·L((m− 1)P ) < L((m)P ).
Butm−1 is a pole number som−1 = 0 and m = 1, i.e., the Weierstrass semigroup
is the semigroup of natural numbers, a contradiction, for g ≥ 2.
Moreover if c1(σ) = 0 then all ci(σ) = 0 for i > 1, otherwise there will be more
jumps at higher groups Gi, and this is impossible. This proves that c1(σ) = 0 if
and only if σ = 0. By multiplying the representation matrices we can easily deduce
that the map
(6) c1 : G1(P )→ k,
is a faithful homomorphism of the elementary abelian groupG1(P ) into the additive
group of k.
The representation matrices are commuting, and by computation this implies
that all elements ρj+1,j(σ), of the representation matrix, are of the form λjc1(σ),
and λj is independent of σ.
Since c1 is faithful character, such that c1(σ) = 0 implies that ρij(σ) = 0, for all
i 6= j, we can write ρij(σ) = c1(σ)aij(σ).
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4. p-cyclic covers of the affine line. In this example we apply our computations
to Artin-Schreier curves that are nonsingular models of the function field defined
by:
Ct1,...ts−1 : W
p −W =
s−1∑
i=1
tiX
pi+1 +Xp
s+1.
These curves give extreme examples of automorphism groups and were studied by
H. Stichtenoth [27] and C. Lehr, M.Matignon [17], N. Elkies [10], van der Geer and
van der Vlught [29].
There is only one ramified point in the cover Ct1,...ts−1 → P1, the point P that
is over the point X =∞ of P1. The Weierstass semigroup at P is computed by H.
Stichtenoth [27] to be equal to (ps + 1)N+ pN.
Thus, the smaller pole number that is not divisible by p is ps+1 and the Weier-
strass semigroup up to ps + 1 is computed to be
0, p, 2p, . . . ,
[
1 + ps
p
]
p, 1 + ps.
One can prove that
[
1+ps
p
]
p = ps. The remainder of the division of ps + 1 by p, is
1. According to proposition 2.2 the possible gaps at the ramification filtration are
at the numbers 1+kp, k = 0, . . . ,
[
1+ps
p
]
= ps−1. The dimension dimk L
(
(ps+1)P
)
is n =
[
1+ps
p
]
+ 2 = ps−1 + 2 and the representation of G1(P ) to L
(
(ps + 1)P
)
is
given by an n× n lower triangular matrix with 1 in the diagonal.
More precisely, if we choose the natural basis {1, X,X2, · · · , Xps−1,W} of L((ps+
1)P
)
then the representation ρ is given by the matrix
(7) ρ(σ)ij =

0 if i < j
1 if i = j
yj
(
i
j
)
if i > j, i 6= ps−1 + 1
bj(y) if i = p
s−1 + 1 > j
,
where bj(y) are the coefficients of the polynomial Pf (X, y), and y is a solution of
Adf (Y ) = 0 as defined in lemma 4.1 and definition 4.2 in [17].
3. Deforming Branch Points
Assume that we have a deformation X → SpecA over an Artin local ring, that
admits a fibrewise action of the G ⊂ Aut(X). In lemma 2.1. we have assigned to
every wild ramified point P a representation of the decomposition group G(P ) that
corresponds to an upper triangular matrix. We will try to lift this representation
to a representation of an upper triangular matrix with coefficients in A. This will
be accomplished by proving that we can fullfill the requirements of the following
Proposition 3.1. Consider a deformation X → SpecA of the curve X defined
over a local integral domain A, with G ⊂ Aut(X) acting fibrewise on X , and let P
be a wild ramified point on the special fibre of X . Suppose that there is a sequence
of G-invariant invertible OX -modules Li so that the corresponding spaces of global
sections Li := Γ(X ,Li) satisfy:
L1 ⊂ L2 ⊂ · · · ⊂ Ln,
7
and Li are finitely generated free A-modules and Li⊗Ak = L(iP ). Then the faithful
representation defined in (3), can be lifted to a representation:
ρ1 : G1(P )→ GLn(A),
such that ρ1(σ), σ ∈ G1(P ) is a lower triangular matrix with 1 at the diagonal.
Proof. Let k = A/m, be the residue field of the local ring A, modulo the maximal
ideal m of A. The A-module Li is a finitely generated free A-module, therefore
dimk(Li ⊗A k) = rankALi. Moreover, since Li are G-modules, there is a natural
representation ρ : G1(P ) → GLn(A). Since the flag Li of A modules is preserved,
the representation matrices of ρ1 are lower triangular, and elements on the diagonal
must have a multiplicative p-group structure, so they are units. 
In subsection 3.1 we recall the theory of effective Cartier divisors and we define
the relative ramification divisor. We also show that if exists a deformation X →
SpecA over an integral domain A that admits a fibrewise G-action exists then there
is a constrain in the Artin representations at the special and the generic fibres
expressed in proposition 3.4.
Subsection 3.2 is devoted to the problem of algebraisation. In order to construct
the desired representation we will need deformations that possess generic fibres.
The passage from deformations defined over formal schemes to deformations that
defined over ordinary schemes is given by Artin’s algebraisation theorem 3.10 and
in subsection 3.2 we check that Artin’s algebraisation theory can be applied.
In subsection 3.3 we try to construct the sequence Li of invertible OX modules
of proposition 3.1. For this we need Grauert theorem [12, III.12.9] and this is the
reason we want our deformations to possess a generic fibre. We give a criterion
3.14 for the construction of the sequence Li and some lemmata that imply the
truth of this criterion and depend only of the form of the ramification filtration of
the special fibre. Unfortunately it seems that there are bad deformations and for
them the construction of proposition 3.1 is not possible. The best think we can do
is to show that the criterion 3.14 defines a deformation condition in the sense of
Mazur, which in turn gives rise to a subfunctor that can be handled with our tools.
Of course, this approach will lead to a lower bound of the desired Krull dimension.
3.1. Relative Ramification divisors. In this section we would like to address
the following question: Let P be a wild ramified point, of the special fibre of
the deformation in study, with decomposition group G(P ). Is it possible to find
a “horizontal divisor” P¯ that is invariant under the action of G(P ), so that the
intersection of P¯ with the special fibre is the original point P?
Let X → SpecA be an A-curve, admitting a fibrewise action of the finite group
G, where A is a Noetherian local ring. Let Y → SpecA be the quotient SpecA-
curve. A good notion of a horizontal divisor in this case can be given in terms of
effective Cartier divisors. An effective Cartier divisor D on X → SpecA, is a closed
subscheme D ⊂ X , such that D is flat over SpecA, and the ideal sheaf I(D) ⊂ OX
is an invertible OX -module.
We would like to assign to the cover of A-schemes X → Y a ramification divisor
DX/Y , such that the intersection of DX/Y with the fibres of the morphism f : X →
Y, corresponds to the usual notion of ramification divisor for coverings of k-curves.
Let S = SpecA, and ΩX/S, ΩY/S be the sheaves of relative differentials of X
over S and Y over S, respectively.
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We begin by defining the ideal sheaf of the ramification divisor DX/Y as
L(−R) = Ω−1X/S ⊗S f∗ΩY/S .
We will first prove that the above defined divisorDX/Y is indeed an effective Cartier
divisor.
We will use the following
Criterion 3.2. Let S be locally Noetherian, X a flat S-scheme of finite type, and
D ⊆ X , a closed subscheme which is flat over S. Then D is an effective Cartier
divisor in X/S if and only if, for all geometric points Speck → S of S, the closed
subscheme D ⊗S k of X ⊗S k is an effective Cartier divisor in X ⊗S k/k.
Proof. [14, Cor. 1.1.5.2] 
Proposition 3.3. The ramification divisor DX/Y is an effective A-divisor.
Proof. We are interested in deformations of nonsingular curves. Since the base is
a local ring and the special fibre is nonsingular, the deformation X → SpecA is
smooth. (See the remark after the definition 3.35 p.142 in [19]). The smoothness
of the curves X → S, and Y → S, implies that the sheaves ΩX/S and ΩX/S are
S-flat, [19, cor. 2.6 p.222].
On the other hand the sheaf ΩY,SpecA is by [14, Prop. 1.1.5.1] OY -flat. Thus,
π∗(ΩY,SpecA) is OX -flat and therefore SpecA-flat [12, Prop. 9.2]. The desired result
follows by criterion 3.2. 
Let A be a local k algebra, that is a domain, and let X → SpecA be a deformation
of the curve X , and P ∈ X , be a wild ramified point with decomposition group
G0(P ). Assume that the point P appears in the ramification divisor of the covering
of the special fibres X → X/G, with multiplicity d, given by Hilbert’s formula [28,
III.8.8].
We consider the effective Cartier divisor DP =
∑λ
j=1 aiP¯i, where P¯i denotes the
irreducible components of the ramification divisor R = RX/Y that intersect the
special fibre of X at P .
We have the following picture:
tP X
❄
SpecA
P¯i
Two horizontal branch divisors can collapse to the same point in the special
fibre. For instance this always happens if a deformation of curves from positive
characteristic to characteristic zero with a wild ramification point is possible.
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For a curve X and a branch point P of X we will denote by iG,P the order
function of the filtration of G at P . The integer iG,P (σ) is equal to the multiplicity
of P × P in the intersection of ∆.Γσ in the relative A-surface X ×X , where ∆ is
the diagonal and Γσ is the graph of σ [26, p. 105]. Using an algebraic equivalence
argument on X ×SpecA X we see the following generalisation of the result of J.
Bertin [2]:
Proposition 3.4. Assume that A is an integral domain, and let X → SpecA be
a deformation of X. Let P¯i, i = 1, · · · , s be the horizontal branch divisors that
intersect at the special fibre, at point P , and let Pi be the corresponding points on
the generic fibre. For the Artin representations attached to the points P, Pi we have:
arP (σ) =
s∑
i=1
arPi(σ).
Remark Consider the case of deformations of ordinary curves, together with a
p-subgroup of the group of automorphisms. Then |arP (σ)| = 2 for all σ ∈ G(P ) =
G1(P ), σ 6= 1 [22]. On the other hand the ramification at the points of the generic
fibre is also wild and 3.4 implies that there is only one horizontal branch divisor
extending every wild ramification point P .
3.2. Application of Algebraisation Theory. We would like to have our curves
deformed over bases that have generic fibres. Formal deformation theory gives us
information whether a curve can be defined over the formal spectrum of a complete
ring, i.e. over
SpfR = {P ∈ SpecR : P is open with respect to the mR − adic topology},
where R is a complete domain with maximal idealmR. In order to extend the family
over the generic fibre (the 0 ideal is not open) we have to use an algebraisation
argument.
Let us denote by C the category of local Artin k-algebras and by Cˆ the category
of complete Noetherian local k-algebras. A covariant functor F : C → Sets can be
extended to a functor Fˆ : Cˆ → Sets by defining
Fˆ (R) = lim
←
F
(
R
mn+1R
)
,
where mR is the maximal ideal of R and
R
mn+1
R
is a local Artin k-algebra. On the
other hand a functor F : Cˆ → Sets induces by reduction a functor F |C : C → Sets.
For any covariant functor F : Cˆ → Sets there is a canonical map
F (R)→ Fˆ (R) = lim
←
F
(
R
mn+1R
)
.
The above map is not in general a bijection. Let us denote by hR(·) = Hom(R, ·).
One can also prove [16, lemma 2.3] that Fˆ (R)
∼=→ Hom(hR, F ). A functor F : C →
Sets is called prorepresentable if there is an R ∈ Ob(C) and ξˆ ∈ Fˆ (R), that induces
an isomorphism
ξˆ : hR(A)
∼=→ F (A).
A formal deformation of ξ0 ∈ F (k) is an element ξˆ ∈ Fˆ (R), where R ∈ Ob(Cˆ).
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Let F be a functor F : Cˆ → Sets. We say that F |C is effectively prorepresentable
if F |C is prorepresentable by ξ ∈ Fˆ (R), and this ξ is the image of an element in
F (R), under the map F (R)→ Fˆ (R).
J. Bertin, A. Me´zard [3], introduced at the wild ramified point P the deformation
functor:
(8) D : C → Sets, A 7→

lifts G→ Aut(A[[t]]) of ρ mod-
ulo conjugation with an element
of ker(AutA[[t]]→ k[[t]])

Lemma 3.5. Let D be the functor defined in (8). For every complete k-algebra A
the canonical map
(9) D(A)→ Dˆ(A).
is a bijection.
Proof. Let A be a complete k-local algebra with maximal ideal mA and denote by
An the quotient A/m
n
A. We will show first that the map in (9) is surjective. Let
ρn : G→ AutAn[[t]] be a system of representatives of maps such that the following
diagram
An+1
ρn+1(g)//
modmnA

An+1
modmnA

An
ρn(g)
// An
is commutative.
In order to define ρ : G→ AutA[[t]] we have to define it on t. Let us write
ρn(g)(t) =
∞∑
i=0
ai,n(g)t
i.
The elements {ai,n(g)}n form an inverse system and give rise to a limit element
ai(g) ∈ A = lim←An and to the desired extension
ρ(g)(t) =
∞∑
i=0
ai(g)t
i.
This proves that the canonical map in (9) is indeed surjective.
In order to prove that it is also injective we consider two representations
ρ1, ρ2 : G→ AutA[[t]],
such that for every n there are isomorphisms γn : An[[t]]→ An[[t]] that induce the
identity on k[[t]] such that
ρ1,n = γnρ2,nγ
−1
n .
Arguing in the same way as in the proof of the subjectivity we see that the maps
{γn}n give rise to a well defined isomorphism
γ : A[[t]→ A[[t]]
that induces the identity map on k[[t]] and makes ρ1, ρ2 equivalent. 
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Definition 3.6. We will say that the functor D : Cˆ → Sets is locally of finite
presentation if and only if for every direct limit lim→Ai of objects in C¯ the natural
map
lim
→
D(Ai)→ D(lim
→
Ai),
is an isomorphism.
Definition 3.7. We will say that the functor D : Cˆ → Sets is coherent [13] if there
are two representable functors h2, h1 such that
h2 → h1 → D → 0.
Lemma 3.8. Every coherent functor D : Cˆ → Sets is locally of finite presentation.
Proof. Since D is coherent there is an exact sequence
(10) h2 → h1 → D → 0,
where h1, h2 are representable functors. Sequence (10) implies the following com-
mutative diagram
0 // Hom(D(−), lim→ Ai) // Hom(h1(−), lim→ Ai) // Hom(h2(−), lim→ Ai)
0 // lim→
Hom(D(−), Ai) //
f
OO
lim
→
Hom(h1(−), Ai) //
f1
OO
lim
→
Hom(h2(−), Ai)
f2
OO
,
where the last row is exact since we are considering direct limits in the category of
sets. Now representable functors are locally of finite presentation therefore f1, f2
are isomorphisms and the commutativity of the diagram forces f to be also an
isomorphism, i.e., the desired result. 
Proposition 3.9. The global deformation functor Dgl of J. Bertin A. Mezard is
coherent.
Proof. We will use the notation of [3, sect. 5]. LetMg,n,G be the functor classifying
equivalence of triples [X/A, φ, θ], represented by the scheme MGg,n. There is the
following exact sequence of functors:
NGL(Z/nZ)G(−) α1→Mg,n,G(−) α2→ Dgl(−)→ 0,
where NGL(Z/nZ)G denotes the normaliser of G in GL(Z/nZ) and NGL(Z/nZ)G(−)
the constant group scheme with fibre the group NGL(Z/nZ)G.
Indeed, for a local ring A, and a deformation d : X → SpecA in Dgl(A), we can
select a level structure φ : X [n] → (Z/nZ)2gSpecA that maps on d by forgetting the
extra level structure. The group G can be considered as a subgroup of GL(Z/nZ)
and we can select a map θ : G→ AutX such that
(11) φ ◦ θ(σ)−1[n] = σ ◦ φ.
This proves the surjectivity of α2.
In order to prove the exactness at the second factor we consider two triples
[Xi/A, φi, θi], i = 1, 2 that map on d ∈ Dgl(A). Thus X1 ≡ X2 and there is an
element a ∈ GL(Z/nZ) such that φ1 = a ◦ φ2. But since both φ1, φ2 have to be
GL(Z/nZ) invariant, i.e., equation (11) has to hold we obtain that:
a ◦ σ ◦ φ2 = a ◦ φ2 ◦ θ(σ)−1[n] = φ1 ◦ θ(σ)−1[n] = σ ◦ φ1 = σ ◦ a ◦ φ2
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for all σ ∈ G. Therefore a ∈ NGL(Z/nZ)G and the desired result follows.

Theorem 3.10 (Artin’s Criterion of Algebraisation). Let F : (Sch/k)0 → Sets be
a functor from the category of the formal schemes over the algebraically closed field
k that is locally of finite presentation over k. Let ξ0 ∈ F (k), and suppose that an
effective formal deformation (R, ξ) exists, where R is a complete Noetherian local
k-algebra and ξ ∈ F (R). Then there is a scheme X of finite type over k and x ∈ X
a closed point with residue field k, and ξ˜ ∈ F (X), such that (X, x, ξ˜) is a versal
deformation of ξ0, such that OˆX,x) = R, and
Spec(R)
∼=→ Spec(OˆX,x) → X
ξ 7→ ξ˜ .
Proof. [1, Th. 1.6] 
Corollary 3.11. Every deformation X → SpfR can be extended to a deformation
X → SpecR.
Proof. By lemma 3.5 the local deformation functor attached to a wild ramification
point, is effective, and since Dgl is the product of the local deformation functors
at wild ramification points [3, 3.3.4], [6, 1.10.1] we have that Dgl is also effective.
Moreover, lemma 3.8 and proposition 3.9 imply that Dgl is locally of finite presen-
tation and the desired result follows by Artin’s criterion of algebraisation 3.10. 
3.3. Construction of the A-free modules.
Lemma 3.12. Let S be any scheme and let X → S be a deformation of X, so that
the special fibre is a nonsingular curve of genus g ≥ 2. The relative curve X → S
is projective.
Proof. Observe that a deformation of a nonsingular curve of genus g ≥ 2 is a stable
curve. The desired result follows by [8, cor. p. 78]. 
Lemma 3.13. Let X → SpecA be a deformation over the local domain A, let P
be a wild ramified point on the special fibre and let T = {P¯i}i=1,···s be the set of
horizontal branch divisors that restrict to P in the special fibre of X , and let D be a
G-invariant divisor supported on T of degree d. There is a natural number a such
that the map
Γ(X ,OX (aD))⊗A k → L(daP )
is an isomorphism. Then Γ(X ,OX (sD)) is a free A-module, and there is a free
G-invariant A-module L, such that L⊗A k = L(dP ).
Proof. The divisor D is an effective Cartier divisor, and flatness of D over SpecA
implies
I(D)⊗A k ∼= I(D ⊗A k),
i.e., the ideal sheaf of D restricted to the special fibre coincides with the ideal sheaf
of the restriction of the divisor D to the special fibre [14, p. 7].
By inverting the ideal sheaves above we obtain
I(D)−1 ⊗A k ∼= I(D ⊗A k)−1 ⇒ L(D)⊗A k ∼= L(D ⊗A k).
We would like to take global sections of the above two sheaves, in order to prove
that
Γ(Xs,L(D))⊗A k = Γ(Xs,L(D ⊗ k)) = L(dP ).
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For all i ≥ 0 there is a natural map [12, prop. III 12.5]
φi : H
i(X ,L(D)) ⊗A k → Hi(Xs,L(D ⊗ k)).
We are interested in global sections i.e., for the zero cohomology groups, but in
general φ0 can fail to be an isomorphism. Instead of looking at D we will consider
aD, where a is a sufficiently large natural number. The degree of the divisor aD
remains the same in the special and in the generic fibre, since H0(X ,L(aD)/OX )
is a free A-module of rank deg(aD), [14, 1.2.5]. Let Xs and Xη denote the special
and the generic fibre of X and let K be the field of quotients of A. We will employ
the Riemann-Roch theorem in both the special and the generic fibre and we can
choose a sufficiently big so that the index of speciality in both the generic and the
special fibre is zero. Thus, the Riemann-Roch theorem implies:
dimkH
0(Xs,L(aD ⊗A k)) = dimK H0(Xη,L(aD ⊗K)) = a degD + 1− g.
Let f : X → SpecA be the structure map. By lemma 3.12 the A-curve is projective
and Grauert theorem [12, III.12.9], implies that R0f∗(L(aD) is a locally free sheaf
on SpecA, and quasicoherent by [12, III.8.6]. Since A is a local ring we have that
H0(X ,L(aD)) = H0(SpecA, f∗L(aD)) is a free A-module.
Consider the k-subspace L(dP ) ⊂ L(adP ). Since D is G-invariant L(dP ) is
also a G-invariant subspace of L(adP ). Let x¯1, . . . , x¯ℓ be a basis of L(dP ) and let
x1, . . . , xℓ ∈ H0(X ,L(aD)) that reduce to x¯i modulo m.
The free submodule of H0(X ,L(aD)) generated by xi is G-invariant and reduces
to L(dP ) modulo m.

Let T be as in lemma 3.13. Let O(T ) be the set of orbits of T under the action
of the group G, on T . The A-module OX (D) is invariant under the action of G if
and only if, the divisor D is of the form:
(12) D =
∑
C∈O(T )
nC
∑
P∈C
P,
i.e., horizontal Cartier divisors that are in the same orbit of the action of G must
appear with the same weight in D.
Given a space L(iP ) we would like to construct aG-invariant divisorD supported
on T that in turn will give a G-invariant A-module OX (D). If i =
∑
C∈O(T ) nC#C,
where nC are non-negative integers, then we can consider the G-invariant divisor
given in (12).
We have proved the following:
Proposition 3.14. If the semigroup
∑
C∈O(T ) nC#C, nC ∈ N, contains the Weier-
strass semigroup of the branch point P of the special fibre, then the assumption of
proposition 3.1 is satisfied and the representation can be lifted.
Corollary 3.15. Let A be a local Artin algebra that is dominated by an integral local
ring R, and suppose that the deformation X → SpecA can be lifted to a deformation
with base R, such that the assumptions of proposition 3.1 are satisfied. The faithful
representation defined in (3), can be lifted to a representation:
ρ1 : G1(P )→ GLn(A),
such that σ(g) is an upper triangular matrix with 1 at the diagonal.
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Proof. Suppose that we have a lift ρ1 of the faithful representation defined in (3).
There is a a surjective map R→ A, with kernel an ideal I of R. The desired result
follows by considering the representation matrices modulo the ideal I. 
The following lemmata give us criteria, in order to prove that the assumption of
of proposition 3.14 is satisfied.
Lemma 3.16. If one orbit of G acting on T is a singleton, then the semigroup∑
C∈O(T )
nC#C, nC ∈ N,
is the semigroup of natural numbers and the assumption of proposition 3.14 is
satisfied.
Lemma 3.17. If #T 6≡ 0modp then there is at least one orbit that is a singleton.
Proof. If all orbits have more than one element then all orbits must have cardinality
divisible by p, and since the set T is the disjoint union of orbits it also must have
cardinality divisible by p. 
Lemma 3.18. Ifm is the first pole number that is not divisible by the characteristic,
and p ∤ m+ 1 then there is an orbit that consists of only one element.
Proof. By proposition 3.4 the Artin representation at the special fibre equals the
sum of the Artin representations at the generic fibre. Thus if there is no singleton
orbit then the sum of Artins representations at the generic fibre is divisible by p
and this contradicts corollary 2.3. 
If the assumptions of proposition 3.14 are not satisfied then we have to restrict
to the “good deformations”. We will describe them, following B. Mazur in [21,
p.289], by defining the notion of a deformation condition.
Definition 3.19. Let X be an algebraic curve defined over the algebraically closed
field k. We define the category A of deformations of curves over Artin local rings,
whose objects are deformations X → SpecA of the initial curve X, together with a
fibrewise action of the group G on X , and the morphisms
(X → SpecA)→ (X ′ → SpecA′)
are given by a local algebra homomorphism A → A′ and an SpecA′-map φ :
X ×SpecA SpecA′ → X ′, making the following diagram commutative:
X

X ×SpecA SpecA′oo

φ // X ′
xxqqq
qq
qq
qq
qq
q
SpecA SpecA′oo
,
and moreover φ induces the identity on the special fibre X.
Definition 3.20. By a deformation condition on A we mean a full subcategory
DF of A satisfying the following conditions:
(1) For any morphism (X , A) → (X ′, A′) if (X , A) ∈ Ob(DA) then (X ′, A′) ∈
Ob(DA)
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(2) Let A,B,C be artinian k-algebras fitting into a diagram
A
α
@
@@
@@
@@
B
β~~
~~
~~
~
C
We denote by A×CB the subring of A×B consisted of elements (a, b) such
that α(a) = β(b) [21, p.270]. Moreover there are two projections pA, pB
making the following diagram commutative:
A×C B
pA
{{ww
ww
ww
ww
w
pB
##H
HH
HH
HH
HH
A
α
##H
HH
HH
HH
HH
H B
β
zzvv
vv
vv
vv
vv
C
Consider an object (X , A×C B) and let
XA := X ×Spec(A×CB) SpecA→ SpecA
and
XB := X ×Spec(A×CB) SpecB → SpecB
be the fibre products with repsect to the maps pA, pB. We ask that (X , A×C
B) ∈ Ob(DA) if and only if both XA,XB ∈ Ob(DA.
(3) For any morphism (X , A)→ (X ′, A′) if (X ′, A′) ∈ Ob(DA) and A→ A′ is
injective then (X , A) ∈ Ob(DA)
Suppose that we have a deformation condition DA of A. We define a subfunctor
D of the global deformation functor D of Bertin-Me`zard
D ⊂ D : C → Sets,
where D(A) contains the elements of D(A) that are objects of DA.
Proposition 3.21. The subfunctor D satisfies the three first Schlessinger criteria
and has a hull RD.
Proof. The deformation conditions imply that D is relatively representable [21,
p.278], and since the global deformation functor D satisfies the first three Sch-
lessinger criteria [25, ],[21, p. 277], the functor D also satisfies them and therefore
it has a hull. 
We are mainly interested in the deformation condition given in proposition 3.14.
Lemma 3.22. The condition given in 3.14 defines a deformation condition.
Proof. In order to prove the desired result we notice that is enough to prove that
if di : Xi → SpecAi are elements in A and φ : d1 → d2 then d1 ∈ DA if and only if
d2 ∈ DA.
Let D be a G-invariant divisor of X1 such that D ∩X = nP . Then the divisor
φ∗(D) is a G-invariant divisor on X2 such and φ∗(D)∩X = nP , since φ reduces to
the identity on the special fibres.
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If, on the other hand, D is a G-invariant divisor of X2 such that D ∩ X = nP
then φ∗(D) is a G-invariant divisor on X1 such that φ∗(D) ∩ X = nP , since φ
reduces to the identity on the special fibre. 
4. Explicit Deformations of Matrix Representations
In this section we will employ the construction for universal deformation rings
for matrix representations, explained by B. de Smit and H. W. Lenstra in [7]. Let G
be a finite group with identity e. We denote by k[G,n] the commutative k-algebra
generated by Xgij for g ∈ G, 1 ≤ j ≤ i ≤ n, such that
Xeij =
{
1 if i = j
0 if i 6= j
(13) Xghij =
n∑
l=1
XgilX
h
lj for g, h ∈ G and 1 ≤ i, j ≤ n.
Xgii = 1, for all i = 1, ..., n, and for all g ∈ G
and finally
Xgij = 0 for i < j and for all g ∈ G.
Let A be a k-algebra. Consider the multiplicative group Ln(A) < GLn(A), of
invertible lower triangular matrices with entries in A, and 1 in the diagonal. We
will focus on representations on Ln(A). For every k-algebra A we have a canonical
bijection
Homk−Alg(k[G,n], A) ∼= Hom(G,Ln(A)),
where a k-algebra homomorphism f : k[G,n] → A corresponds to the group ho-
momorphism ρf that sends g ∈ G to the matrix (f(Xgij)). The representation
ρ : G→ Ln(k) corresponds to a homomorphism k[G,n] → k. Its kernel is a maxi-
mal ideal, which we denote by mρ. We take the completion R(G) of k[G,n] at mρ.
The canonical map k[G,n] → R(G), gives rise to a map ρR(G) : G → Ln(R(G)),
such that the diagram:
G
ρR(G)//
=

Ln(R(G))

G
ρ // Ln(k)
is commutative.
We consider the following functor from the category C of local Artin k-algebras
to the category of sets
F : A ∈ Ob(C) 7→

liftings of ρ : G→ Ln(k)
to ρA : G→ Ln(A)modulo
conjugation by an element
of ker(Ln(A)→ Ln(k))

The ring R(G) defined above does not represent the deformation functor F , since
A-equivalent deformations may correspond to different maps in Hom(R(G), A).
If n = 2, i.e., in the case of a two dimensional representation, the conjugation
action is trivial and F is representable by R(G).
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In the deformation theory over fields of characteristic zero, if the representation
is irreducible, one takes the closed subalgebra of R(G) generated by the traces of
elements in ρ : G→ Gln(R), and since characters distinguish equivalence classes of
representations, this subalgebra represents the deformation functor.
We are working over fields of positive characteristic and this approach is not
suitable: The representation can be chosen to be indecomposable but not irre-
ducible. The theory of Brauer characters, does also not help very much, in the case
of equicharacteristic deformations, since Brauer characters do not take values in
R(G).
We will avoid to answer whether the functor F is representable; for our needs it
is enough that there is a natural transformation from Homk−alg(R(G), ·)→ F (·).
Let D : C → Sets be the functor of J. Bertin, A. Me´zard [3], introduced in (8).
We will define a natural transformation of functors Ψ : F → D, and using this
natural transformation we will prove that the Krull dimension of the hull of the
deformation functor D equals the dimension dimk F (k[ǫ]), of the tangent space of
the functor F .
Let S = {tn, n ∈ N} considered as a multiplicative system. We choose elements
Fi ∈ A[[t]]S−1, i = 1, . . . ,m so that Fi ≡ fi modmA. The elements Fi can be
written as
Fi =
ui(t)
tλ(i)
,
where ui(t) is a unit in A[[t]] an λ(i) is the pole order of the function fi. Moreover
we assume that ui(t) is a polynomial in A[t].
An element in F (A), defines a linear action on the free A-module generated by
the elements Fi given by
(14) σ(Fi) =
i∑
ν=0
ρiν(σ)Fν .
The above action is not necessary compatible with multiplication, i.e., σ(ab) and
σ(a)σ(b) need not to be equal. We will give conditions so that the action is compat-
ible with multiplication. In order to do this we have to determine the value of σ(t)
and expand to the elements of A[[t]] so that σ respects addition and multiplication.
This definition of σ(t) should give the same results on Fi with (14).
In order to do such a computation, we will need a general version of Hensel
lemma. We will follow the notation of Bourbaki [5, III 4.2]. We will say that a ring
R is linearly topologized, if there exists a fundamental system of neighbourhoods
of 0 consisting of ideals of R. If the commutative ring R is linear topologized,
Hausdorff and complete we will say that the ring satisfies Hensel’s conditions. Let
(R,m) be an ordered pair, consisted of a ring R and an ideal m of R, so that R
satisfies Hensel’s conditions and the ideal m is closed and the elements of m are
topologically nilpotent, i.e. for all x ∈ m we have limν→∞ xν = 0. Then the pair
(R,m) is said to satisfy Hensel’s conditions [5, III 4.5]. We will denote by R{X}
the subring of R[[X ]] consisted of elements
∑∞
i=0 aiX
i so that limi→∞ ai = 0.
We will need the following
Lemma 4.1. Let R be a ring and m an ideal of R so that the ordered pair (R,m)
satisfies Hensel’s conditions. Let f ∈ R{X}, a ∈ R end write e = f ′(a). If
f(a) ≡ 0 mode2m, then there exists b ∈ R such that f(b) = 0 and b ≡ a modem. If
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b′ is another element of R such that f(b′) = 0 and b′ ≡ a modem then e(b′−b) = 0.
In particular, b is unique if e is not a divisor of zero in R.
Proof. Corollary 1 [5, III 4.5] 
Lemma 4.2. Let A be an Artin local ring with maximal ideal mA. We consider
the ring A[[t]] so that the ideals 〈mµA, tνA[[t]]〉 form a fundamental system of neigh-
bourhoods of 0. Then the ordered pair (A[[t]],mA) satisfies Hensel’s conditions.
Proof. The ring A[[t]] is by construction linear topologized. The ideal mA is an
element of the the system of fundamental neighbourhoods of 0 so it is open and
closed. Moreover the ring A[[t]] is Hausdorff and complete. 
Let us consider the last row of (14):
σ(Fm) =
m∑
ν=1
ρmν(σ)Fν(t).
Let Y be the desired value of the the lift of σ(t). Then the last equality can be
written as
um(Y )
Y m
=
m∑
ν=1
ρmν(σ)Fν (t)⇒
(15) tmum(Y )− Y m
m∑
ν=1
ρmν(σ)Fν(t)t
m = 0.
If we consider (15) modulo mA then it has as solution the value σ(t) ∈ Autk[[t]].
We will use lemma 4.1 with a = σ(t). The derivative of (15) is computed
tm
(
∂um(Y )
∂Y
−mY m−1
m∑
ν=1
ρmν(σ)Fν(t)
)
,
and
e = tm
(
∂um(σ(t))
∂Y
−mσ(t)m−1
m∑
ν=1
ρmν(σ)Fν(t)
)
.
Observe that the zero divisors in A[[t]] have coefficients in the maximal ideal mA,
therefore since e modmA is computed to be −mtmσ(t)m−2 and it is not a zero
divisor, e is not a zero divisor in A[[t]] as well. Thus, lemma 4.1 implies that there
is a unique solution b of (15) that reduces to σ(t) modulo mA. The value b is a
candidate for the lift σ˜(t). We observe that the equations (14) give also information
for the value of the lift of σ(t).
We say that the tuple (F1, . . . , Fm, ρ : G→ GLn(A)) is compatible if the unique
solution b of (15) satisfies the equations (14) for 1 ≤ i < m. Of course we know
that (f1, . . . , fm, ρ : G→ GLn(k)) is compatible.
Lemma 4.3. If the tuple (F1, . . . , Fm, ρ : G → GLn(A)) is compatible and Q ∈
Ln(A) then the tuple (QF1, . . . , QFm, ρ : G→ QGLn(A)Q−1) is also compatible.
Proof. For every 1 ≤ i ≤ m we have QFi =
∑m
µ=1QiµFµ. The system of equations
(14) can be written in matrix form asF1(Y )...
Fm(Y )
 = ρ(σ)
F1(t)...
Fm(t)
 .
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Thus,
Q ·
F1(Y )...
Fm(Y )
 = Qρ(σ)Q−1 ·Q
F1(t)...
Fm(t)
 ,
and the desired result follows. 
Lemma 4.4. Let A be an artin local ring with maximal ideal mA so that A/mA = k.
Let (F1, . . . , Fm, ρ : G → Ln(A)) be a compatible tuple, and for every σ ∈ G let σ˜
denote the corresponding automorphism in AutA[[t]]. For every σ1, σ2 ∈ G we have
σ˜1σ˜2(t) = σ˜2σ1(t).
Proof. The element bσ2 = σ˜2 is a root of
tmum(Y )− tmY m
m∑
ν=1
ρmν(σ2)Fν(t).
By applying σ˜1 to the above equation we obtain
0 = σ˜1(t)
(
um(σ˜1(bσ2))− σ˜1(bσ2)m
m∑
ν=1
ρmν(σ2)σ˜1Fν(t)
)
=
= σ˜1(t)
(
um(σ˜1(bσ2))− σ˜1(bσ2)m
m∑
ν=1
ρmν(σ2)
ν∑
µ=1
ρνµ(σ1)Fµ(t) =
)
=
= σ˜1(t)
(
um(σ˜1(bσ2))− σ˜1(bσ2)m
m∑
ν=1
ρmuν(σ2σ1)Fµ(t)
)
.
Since the element σ˜1(t) is not a zero divisor we obtain that
σ˜1(σ˜2(t))
is the unique root of
tmum(Y )− tmY m
m∑
ν=1
ρmν(σ2σ1)Fν(t).
and the desired result follows. 
Definition 4.5. We will say that the tuples (F1, . . . , Fm, ρ : G → GLn(A)) and
(F ′1, . . . , F
′
m, ρ
′ : G→ GLn(A)) are equivalent if there is an element Q ∈ Ln(A) so
that
(F ′1, . . . , F
′
m, ρ
′ : G→ GLn(A)) = (QF1, . . . , QFm, ρ : G→ QGLn(A)Q−1)
We define the functors
F1 : A ∈ Ob(C) 7→

Set of tuples(
F1, . . . , Fm, ρ : G→ GLn(A)
)
defined over A

and
F : A ∈ Ob(C) 7→
{
equivalence classes
of tuples over A
}
If g : B → A is a morphism of local artin algebras and
Ω := (F1, . . . , Fm, ρ : G→ Ln(B)) ∈ F1(B)
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F1(g)(Ω) = (g(F1), . . . , g(Fm), g ◦ ρ : G→ Ln(A)) ∈ F1(A).
where g ◦ ρ(σ) denotes the matrix g(ρµν(σ)), i.e., g is applied at every entry of the
matrix ρ(σ). Similarly, we can define the map F(g) : F(B)→ F(A).
Observe that compatibility of equivalence classes of tuples is well defined by
lemma 4.3.
Proposition 4.6. Compatibility of tuples is a deformation condition in both the
functors F ,F1.
Proof. Let us consider a pair (A,Ω), consisted of an artin local ring A together with
a tuple Ω := (F1, . . . , Fm, ρ : G → Ln(A)). Let us consider the set of compatible
tuples over A by F ′1(A) ⊂ F1(A). A morphism φ : A→ A′ of local artin algebras,
induces the map Ω→ F1(φ)(Ω), on tuples. In order to have a deformation condition
we should check that
(1) For every local artin algebras A,A′ and morphism f : A→ A′, if Ω ∈ F ′1(A)
then F1(φ)(Ω) ∈ F ′1(A′).
(2) Let A,B,C be local artin algebras and α : A → C, β : B → C be two
morphisms of local artin algebras. We form the local artin algebra
A×C B = {(x, y) : x ∈ A, y ∈ B,α(x) = β(y)},
equipped with coordinate addition, multiplication, and scalar k-multiplication.
Let Ω ∈ F ′1(A×C B) we want the following
Ω ∈ F ′1 ⇔ F1(α)(Ω) ∈ F ′1(A) and F1(β)(Ω) ∈ F ′1(B)
(3) For every local artin algebras A,A′ and every injective map f : A → A′,
we want the following
Ω ∈ F ′1(A)⇔ F1(φ)(Ω) ∈ F ′1(A′).
Checking all this conditions is straightforward. A similar check can be done also
for the functor F . 
Consider the functor Homk−alg(R(G), ·). Every fixed selection (F1, . . . , Fm),
Fi ∈ A[[t]]S−1, S := {tn, n ∈ N} gives rise to a natural map ofHoma−alg(R(G), ·)→
F1 and F (·)→ F .
The compatability of tuples gives rise to a set of deformation conditions (that
depend on the basis selection F1, . . . , Fm) on Homk−alg(R(G), ·). By lemma on
page 279 of [21], we have that the deformation conditions on Homk−alg(R(G), ·)
give rise to a representable functor Hom(R(G)/I, ·), represented by the k-algebra
R(G)/I, where I is a suitable ideal, that depends on the selection of F1, . . . , Fm.
Lemma 4.7. The ideal I is an ideal that is generated by polynomials on the vari-
ables Xgiν , g ∈ G, 1 ≤ i < m, i.e. the deformation condition does not involve the
variables Xgm,ν .
Proof. The set of compatibility conditions (14) give the following conditions on
R(G): For every g the unique solution Y of
um(Y ) = Y
m
m∑
ν=1
Xgi,νX
g
iν
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should satisfy the equations
ui(Y ) = Y
i
i∑
ν=1
XgiνFν(t),
for every 1 ≤ i < m. 
Proposition 4.8. There is a natural transformation Ψ from the functor F ′ to the
functor D.
Proof. Let A ∈ Ob(C) be a local Artin algebra with maximal ideal mA. Consider
the n dimensional k-vector space L(mP ), together with the flag L(iP ), i < m of
vector spaces.
Every tuple in F(A) gives rise to a sequence Li of free A-modules where
Li :=A 〈F1, . . . , Fi〉,
so that Li ⊗A k = L(iP ) and an action of G on them that is a lift of the action of
G on the spaces L(iP ).
Since the tuple Ω := (F1, . . . , Fm, ρ : G → Ln(A)) is compatible we get an
automorphism σ˜(t) that defines an equivalence class Φ(Ω) ∈ D(A).
Let A,B we local artin algebras and consider a morphism g : B → A. For every
tuple Ω := (F1, . . . , Fm, ρ : G → Ln(B)) ∈ F(B) the map F(g) gives the tuple
F(g)(Ω) ∈ F(A).
If σ˜ denotes the automorphism of AutB[[t]] that corresponds to Ω then g(σ˜(t))
is the automorphism that corresponds to F(g)(Ω).

Example Consider a functor that is represented by a complete ring that is
not a domain. For example let R = k[[x1, x2]]/x
3
1x
4
2. Then the tangent space
Hom(R, k[ǫ]/ǫ2) is two dimensional generated by the maps θi(xj) = δijǫ, but the
arbitrary linear combination θ = λ1θ1 + λ2θ2 could not lift to a homomorphism
θ¯ : R→ k[[ǫ]], since θ(x1)3θ(x2)4 = 0 and k[[ǫ]] is a domain.
In case R is a domain the following lemma shows that infinitesimal deformations
are unobstructed:
Lemma 4.9. Let R be a complete local k-domain, and denote by m the maximal
ideal of R. Suppose that k = R/m is algebraically closed. Let A be an Artin local
ring, an suppose that A = k[[a1, . . . , as]]/I. Every element in Homk(R,A) can be
lifted to Homk(R, k[[a1, . . . , as]]).
Proof. By Noether’s normalisation lemma [9, cor. 16.18] there are elements x1, . . . , xd ∈
R such that R/k[[x1, . . . , xd]] is a separating integral extension. A function g :
k[[x1, . . . , xd]]→ A, given by g(xi) = fi(a1, . . . , as) can obviously extend to a func-
tion g : k[[x1, . . . , xd]]→ k[[a1, . . . , as]].
Now if y ∈ R, is an arbitrary element satisfying a separable equation ∑ni=0 biyi,
bi ∈ k[[x1, . . . , xn]], then Hensel’s lemma implies that the equation
∑n
i=0 g(bi)T
i
has a unique solution T , extending the solution of
∑n
i=0 g(b)iT
i of the equation
taken modulo mA; recall that the field k is algebraically closed, and g(t) = t for all
t ∈ k. We define this unique solution to be the value of g at y. 
Using the criteria of Schlesinger [25],[21, p.277] J.Bertin A. Me´zard [3] were able
to prove that the deformation D admits a hull. We have seen in 3.21 that the
subfunctor D also admits a hull.
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This means that there is a complete ring R˜ and a smooth map of functors
D(·) → Homk−alg(R˜, ·), that induces an isomorphism on the tangent spaces. The
hull R˜ might not be a domain. In order to study its dimension we factor out
nillpotent elements obtaining R˜/
√
0, a ring that corresponds to a variety. We will
study the rings of the irreducible components. We observe first that the rings R˜ and
R˜/
√
0 have the same Krull dimension, and hence the Krull dimension of R˜ equals
the maximum dimension of the rings that correspond to the irreducible components
of R˜/
√
0.
Let Ri be a ring, corresponding to an irreducible component of R˜/
√
0. There is
an onto map R˜→ Ri, that gives rise to an injection
Homk−alg(Ri, ·)→ Homk−alg(R˜, ·).
We will use that fact that Ri is a domain together with proposition 3.1 in order to
construct a map Homk−alg(Ri, ·)→ F (·). We will need the following:
Lemma 4.10. Suppose that R = Ri is one of the rings defined above. Let A be an
Artin local k-algebra and suppose that A = k[[a1, . . . , as]]/I. There is a noetherian
complete local domain k[[a1, . . . , as]]/I
′, a sequence of small extensions
(16) k[ǫ]/〈ǫ2〉 = A0 φ1←− A1 ← · · · φi←− Ai φi+1←− Ai+1 ← · · · ← k[[a1, . . . , as]]/I ′,
such that A = An for some natural n, and the following diagram is commutative:
D(Ai+1)
D(φi+1)

// Hom(R,Ai+1)
Hom(φi+1)

D(Ai) // Hom(R,Ai)
Moreover, for every element γ ∈ Hom(R,A) there are elements γi in Hom(R,Ai)
and δi ∈ D(Ai) such that Hom(φi+1)(γi+1) = γi and D(φi+1)(δi+1) = δi.
Proof. Let A be an Artin local ring expressed as A = k[[a1, . . . , as]]/I. The exis-
tence of the sequence (16) is clear. Lemma 4.9 implies the existence of the sequence
of elements γi that are compatible with the maps Hom(φi). The existence of the
elements δi compatible with the elements D(φ) is implied by smoothness of the map
D(·)→ Hom(R, ·). 
Lemma 4.11. There is a natural transformation q : Homk−alg(Ri, ·)→ F ′(·).
Proof. Start with an element γ in Hom(Ri, A) for an Artin local ring A. Construct a
sequence of small extensions and maps as in equation (16) of lemma 4.10. By lemma
4.10 there is a sequence of deformations δi ∈ D(Ai) that leads to a deformation in
Dˆ(k[[a1, . . . , as]]/I ′), where k[[a1, . . . , as]]/I ′) is a notherian local complete domain.
By corollary 3.11 we obtain a deformation X → Speck[[a1, . . . , as]]/I ′, and using
corollary 3.15 we obtain an element q(γ) ∈ F ′(A). 
We have the following picture:
Homk−alg(Ri, ·)
q

  // Homk−alg(R˜, ·)
F(·) F ′(·)? _oo // D(·)
smooth
OO
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The above diagram induces the following diagram on the tangent spaces:
(17) Homk−alg(Ri, k[ǫ])
q

  a //
 v
ℓ
))SSS
SSS
SSS
SSS
SSS
Homk−alg(R˜, k[ǫ])
F ′(k[ǫ]) ψ // D(k[ǫ])
∼= b
OO
Where l = b−1 ◦ a is an injection.
Proposition 4.12. The map ψ, induces an isomorphism between the k vector
spaces F ′(k[ǫ]) and Im(ℓ).
Proof. By construction ℓ induces an isomorphism between Homk−alg(Ri, k[ǫ]) and
Im(ℓ). Let v ∈ Im(ℓ), we find the inverse ℓ−1(v) and take q(ℓ−1(v)). Since the
diagram (17) is commutative, the map ψ is onto Im(ℓ).
We have seen that Hensel’s lemma implies that every deformation in F ′(A)
gives rise to a unique deformation in D(A). This proves that the map ψ is 1-1 and
moreover Im(ψ) = Im(ℓ). 
Corollary 4.13. If the ring R˜/
√
0 is not a domain, then all rings Ri that cor-
respond to irreducible components of SpecR, have the same dimension, equal to
dimk F ′(k[ǫ]) = dim R˜. Moreover every infinitesimal deformation in ψ(F ′(k[ǫ])) is
unobstructed.
Proof. We have shown that dimk F ′(k[ǫ]) = dimk Im(ℓ), and dimk F ′(k[ǫ]) does not
depend on Ri. On the other hand every infinitesimal deformation in ψ(F ′(k[ǫ])), is
the image of the representable functor Homk−alg(Ri, ·), and this implies the desired
result. 
Examples: 1. n = 2. This is always the case if p > 2g − 2, because the first
pole number is smaller than 2g − 2. Automorphisms of curves with this property
were studied by P. Roquette in [24].
The group G1(P ) is an elementary Abelian group isomorphic to a subgroup of
{(aij)i,j=1,2 : a11 = a22 = 1, a12 = 0}.
We will check whether the assumptions of the lifting criterion of corollary 3.16 are
satisfied. If the automorphism group G is cyclic of order p, then every irreducible
component of the ramification divisor is by construction G-invariant, and the orbits
are singletons. If the group G is elementary Abelian with more than one cyclic
components of order p, and there are no singleton orbits, then all orbits have order
divisible by p. By comparing the Artin representations at the special and generic
fibres using proposition 3.4, we obtain that the order function of the ramification
filtration is a multiple of p. Thus, p|m+1, a contradiction. Thus the functors D, D
are equal.
Since the representation is two dimensional the conjugation action on the ring
R(G) is trivial, and the functor F is representable by
R(G) := k[[t1, · · · , tlogp(|G1(P )|)]].
The dimension of the tangent space of F and the krull dimension of the hull is
logp(|G1(P )|).
Remark: A comparison of this result with the computation of J. Bertin, A.Me`zard
for deformations of the cyclic group Zp [3, Th. 5.3.3] gives us the nontrivial result:
for the smallest m such that dimL(mP ) = 2, m < p− 1.
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2. n = 3,Ordinary Curves. We will use the tools developed so far in order to
study ordinary curves with n = 3 and compare our results with the more general
results of G. Cornelissen- F. Kato [6] (where the decomposition groups could have
elements prime to p as well).
We will use the notation from example 3. of page 6. Let ρij(g) be the represen-
tation matrix. We have ρ32(g) = c1(g) and ρ21(g) = λc1(g).
We form the ring R(G), generated by Xgi21, X
gi
31, X
gi
32. We observe that there are
the relations Xgi21 = ΛX
gi
31, Λ ∈ R(G),Λ ≡ λmodmR(G). Since Xg32 = 0⇒ Xg31 = 0
Xgi31 ∈ 〈Xgi32〉, i.e.,
(18) Xgi31 = X
gi
32f(X
gν
ij ).
Thus the only independent elements are Xgi32.
We will now study the image of Homk−alg(R(G), k[ǫ]) → F (k[ǫ]), i.e., we will
study representations to Ln(k[ǫ]) modulo the conjugation action. Let
ρ¯i(g) : G1(P )→ Ln(k[ǫ]) i = 1, 2
be two equivalent representations, with representation matrices 1 0 0ρ21(g) 1 0
ρ31(g) ρ32(g) 1
 + ǫ
 0 0 0ai21(g) 0 0
ai31(g) a
i
32(g) 0
 .
Let Q =
 1 0 0aǫ 1 0
cǫ ǫb 1
 be a matrix that transforms by conjugation ρ¯1 to ρ¯2.
This is equivalent (recall that ǫ2 = 0) to
(19) a121(g) = a
2
21(g), a
1
32(g) = a
2
32(g),
and
(20) a131(g) + bρ
1
21(g)− aρ132(g) = a231(g).
We express equation (18) as
(21) Xgi31 = X
gi
32
(
a0 + a1X
gi
31 + a2X
gi
31
2
+ · · ·
)
,
where ai are polynomials in all variables except X
gi
31. The representations ρ¯
i(g) are
images of maps fi ∈ Homk−alg(R(G), k[ǫ]). By taking the functions fi on (21) we
compute (recall that ǫ2 = 0) :
ai31(g)
1− ρ32(g) deg(f)∑
i=1
aiiρ31(g)
i−1
 = a132(g) deg(f)∑
i=0
aiρ31(gi)
i.
Therefore, if ∂f
∂X
gi
31
(
ρ31(gi)
) 6= 1, then the value ai31 can be computed from the
values of agi21 and ρij(gi). In particular, a
1
31(g) = a
2
31(g). If on the other hand
∂f
∂X
gi
31
(
ρ31(gi)
)
= 1, then the value agi31 is independ of the values a
gi
21 and ρij(gi).
This, is not possible since the map c1 defined in (6) considered on the generic fibre
has to be faithfull.
We identify the set of representations G1(P )→ Ln(k[ǫ]), with the set of homo-
morphisms of additive groups Hom(G1(P ), k) which is of dimension logp |G1(P )|.
By (20) we have 0 = bρ21(g) − aρ32(g) = (bλ − a)ρ32(g), and since a, b are ar-
bitrary this means that ρ32(g) = 0 and the tangent space of F (k[ǫ]) is identified
25
by Hom(G1(P ), k)/ρ32(g), i.e. the group homomorphism ρ32(g) : G1(P ) → k is
considered to be zero. This is a space of dimension logp |G1(P )|− 1, and this result
coincides with the result of G. Cornelissen, F. Kato.
3. p-cyclic covers of the affine line. We consider in this case deformations
of the curve defined in example 4. of page 7. So we consider the curve X : wp−w =
xp
s+1, and let G denote the p-part of the automorphism group of X . In this section
we will consider deformations X → SpecA of the couple (X,G), where A is a local
integral domain.
Consider the Galois group H ′ := Gal(X/P1k) = Z/pZ, a cyclic group of order
p. Denote by DefG(X), Def
′
H(X) the global deformation functors of the curve
X with respect to the groups G,H ′ respectively. The group G acts freely on the
completment of the generic fibre of X → SpecA, and J. Bertin, A. Me´zard in [4]
proved that there is a well defined map ind : DefG(X) → DefG/H′(X/H ′). That
means that ind
(X/H ′ → SpecA) ∈ DefG/H′(X/H ′) is a deformation ofX/H ′ = P1.
But such a deformation is trivial i.e. X/H ′ = P1A → A. Therefore, the generic fibre
Xη → SpecQuo(A) = Speck, is a cyclic extension of P1, and is given in terms of an
Artin-Schreier extension: there are functions W,X on the generic fibre of X , such
that
W p −W = f(X),
and f(X) ∈ k(X). Let us write f(x) = ∏ fi/∏ gi, where fi, gi are irreducible
polynomials in k[x] and since k is assumed algebraically closed all are of degree ≤ 1.
The places ramified in the cover Xη → P1 correspond to the poles of the function f .
If there are polynomials gi of degree 1, then there should be polynomials fi so that
gi = fi modmA, since at the special fibre only ∞ is ramified. But this situation
does not give as a proper relative curve, since any point on the generic fibre gives
rise to a unique horizontal divisor intersecting the special fibre at a unique point.
Thus, by deforming the curve X we deform the polynomial f0(x) = x
ps+1, and
since the genus of every fibre, that is depended on the degree of f , has to remain
constant, we deform f by adding lower degree terms aiX
i, i < ps + 1, such that
ai = 0 modm.
Let G1(∞) be the p-part of the decomposition group at ∞. According to [17,
prop. 8.1] we have Adxps+1(Y ) = Y + Y
p2s , and Adf (Y ) =
∑
0≤λ≤s t
ps−i
i Y
ps−i +
tp
s
i Y
ps+i thus the group H := G1(∞)/Gal(X/P1k) is an elementary abelian group
of order p2s. The group G1(∞) is an extraspecial group, i.e., an extension of a
p-cyclic group by an elementary abelian group. For the center we have Z(G) =
Gal(X/P1k) = Z/pZ. Let us fix elements B = {gi, i = 1, . . . , 2s} in G1(∞) such that
their image in H form a basis of H as an Z/pZ-module of rank 2s. The elements
gi generate G1(∞). Indeed, the group 〈gi〉 generated by gi’s is of index 1 or p
in G1(∞) and by Sylow theorems normal. If the index is p then the quotient is
abelian, therefore [G1(∞), G1(∞)] ⊂ 〈gi〉. This implies that Z(G1(∞)) ⊂ 〈gi〉, a
contradiction [20].
To each gi we associate the variables X
gi
ij , i > j. Let X be a function on X
that reduces to x on the special fibre. Instead of studying arbitrary liftings in
Ls+1(A) and then computing the effect of taking the conjugation equivalence on
the Krull dimension, we will choose a suitable basis on Li. We choose the elements
{1, Xp, Xp2 , . . . , Xps−1 ,W} as a basis for the free A modules Li of proposition 3.1.
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An element gi ∈ B corresponds to the automorphism given by
(22) X 7→ X +Xgi21,W 7→W + fgi(X),
where
fgi(X) =
s−1∑
ν=1
Xgis+1,νX
pν .
The elements Xgiν,µ for 2 ≤ ν ≤ s, 1 ≤ µ ≤ s are expressed in terms of Xgi21 by
expanding (X+Xgi21)
µ. We also observe that the variablesXgis+1,ν are also depended
to Xgi21 in the following way: Let ∆(f)(X,Y ) := f(X + Y ) − f(X)− f(Y ). Then,
according to [17, section 5] we know that
∆(f)(X,Y ) = R(X,Y ) + (Id− F )Pf (X,Y ),
where Pf (X,Y ) is uniquely characterised by
Pf (X,Y ) = (Id + F + · · ·+ Fn)∆(f) mod(Xp
s−1+1),
for any n > s. Moreover, to every root y of Adf (Y ) corresponds an automorphism
X 7→ X + y, W 7→ W + Pf (X, y). These results combined with (22) express the
variables Xgis+1,ν as functions of X
gi
21, since
fgi(X) =
s∑
ν=1
Xgis+1,νX
pν = Pf (X,X
gi
21).
The desired deformation ring is given as a quotient k[Xgi21 : 1 ≤ i ≤ 2s]/I, where I
is an ideal generated by all relations among the elements Xgi21.
Moreover for the the polynomial Adf (Y ) =
∑2s
ν=0 aνY
pν we have
Adf (Y ) =
∑
0≤λ≤s
tp
s−i
i Y
ps−i + tp
s
i Y
ps+i
This means that the coefficients ai must obey the following relation:
(23) as+λ = a
pλ
s−λ
for all λ = 1, . . . , s. Since Xgi21 are all roots of Adf (Y ) we see that the condition
(23) on coefficients implies conditions on Xgi21. In order to describe them we need
to recall some theory on additive polynomials. Set
∆(x1, . . . , xr) = det

x1 · · · xr
xp1 · · · xpr
...
...
xp
r−1
1 x
pr−1
r
 .
We will need the following
Proposition 4.14. A polynomial is additive if and only if the set of its roots is
an Fp-vector space. If x1, . . . , xr form a basis of an Fp-vector space then a monic
additive polynomial with these roots is of the form:
f(Y ) =
∆(x1, . . . , xr, Y )
∆(x1, . . . , xr)
.
Proof. [11, th. 1.2.1,lemma 1.3.6] 
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The additive polynomial Adf (Y ) is given by
Adf (Y ) = c · ∆(X
g1
21 , . . . , X
g2s
21 , Y )
∆(Xg121 , . . . , X
g2s
21 )
,
where c 6= 0. For the coefficients ai of Adf (Y ) we have the following formulas:
a2s = c · ∆(X
g1
21 , . . . , X
g2s
21 )
∆(Xg121 , . . . , X
g2s
21 )
= c.
a0 = c · ∆(X
g1
21 , . . . , X
g2s
21 )
p
∆(Xg121 , . . . , X
g2s
21 )
= c ·∆(Xg121 , . . . , Xg2s21 )p−1.
The condition a2s = a
ps
0 , implies that
(24) c = cp
s
∆(Xg121 , . . . , X
g2s
21 )
ps(p−1).
For 0 < λ < s, equation as+λ = a
pλ
s−λ implies
(25)
c·det

Xg121 · · · Xg2s21
...
...
(Xg121)
ps · · · (Xg2s21 )p
s
...
...
(Xg121 )
ps+λ−1 · · · (Xg2s21 )p
s+λ−1
(Xg121)
ps+λ+1 · · · (Xg2s21 )p
s+λ−1
...
...
(Xg121)
p2s · · · (Xg2s21 )p
2s

= cp·det

(Xg121)
pλ · · · (Xg2s21 )p
λ
...
...
(Xg121)
ps−1 · · · (Xg2s21 )p
s−1
(Xg121)
ps+1 · · · (Xg2s21 )p
s+1
...
...
(Xg121 )
ps+λ · · · (Xg2s21 )p
s+λ
...
...
(Xg121 )
p2s+λ · · · (Xg2s21 )p
2s+λ

.
We are now going to look at the problem of finding the Krull dimension from the
infinitesimal point of view. Write Xgi21 modǫ
2 = xi+ ǫAi, where xi is a basis for the
vector space of the roots of Adf (Y ) modǫ = Y
p2s + Y . According to 4.13 we have
to compute the dimension of the vector space in the coordinates Ai. Observe that
since p > 2 for every a, b ∈ k we have (a+ ǫb)p = ap + ǫpbp = ap modǫ2. Therefore
(24) does not give us any information, while (25) is transformed to
det

x1 + ǫA1 · · · x2s + ǫA2s
...
...
xp
s
1 · · · xp
s
2s
...
...
xp
s+λ−1
1 · · · xp
s+λ−1
2s
xp
s+λ+1
1 · · · xp
s+λ−1
2s
...
...
xp
2s
1 · · · xp
2s
2s

= 0⇒ det

A1 · · · A2s
...
...
xp
s
1 · · · xp
s
2s
...
...
xp
s+λ−1
1 · · · xp
s+λ−1
2s
xp
s+λ+1
1 · · · xp
s+λ−1
2s
...
...
xp
2s
1 · · · xp
2s
2s

= 0
The later equation gives a linear equation in A1, . . . , A2s that has as solution space
a 2s − 1 dimensional subspace. Let us denote this subspace by Vλ. Observe that
all vectors vν := (x
pν
1 , . . . , x
pν
2s ) for ν 6= s+ λ are in Vλ. The vectors (xp
ν
1 , . . . , x
pν
2s )
are linear independent since ∆(x1, . . . , x2s) = 1 6= 0 [11, lemma 1.3.3 ]. Therefore
Vλ = 〈vν : 1 ≤ ν ≤ 2s, ν 6= λ+ s〉.
28
All conditions we obtain from all comparisons of coefficients form the vector space
V := ∩1≤λ≤sVλ,
that is clearly a vector space of dimension s. This is the desired Krull dimension.
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